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Abstract 
In this work, two-electron systems such as −H  ion, He atom and +Li  ion are investigated 

by using variational method. Hylleraas-type 3-parameter wave function is used as the 

trial wave function proposed by Mukoyama. The radial integrals of variational wave 

functions for the above mentioned systems are calculated to check their accuracy. The 

radial integrals are used for determining the properties of the two-electron system such as 

dipole polarizability and electron scattering factor. They are calculated and the obtained 

results are also compared with the other results. It is found that they are in good 

agreement with other results. 

 Keywords: Two-electron systems, Hylleraas-type wave functions and Radial integrals  

Introduction 

Two-electron Systems and Variational Method 

The ground-state energies of two-electron systems ),,( +− LiHeH have been a subject of 

interest for a long time [1-7] and it continues to attract the attention of many investigators [8-

12]. The variational technique is considered as a powerful tool for estimating the ground-state 

energy of a quantum system. Over the years, this method has been applied to a two-electron 

system in different types of wave functions.  

The Hylleraas Coordinate 

The suitable coordinate for the treatment of a two-electron system is the Hylleraas coordinate. 

In this coordinate system, the three distance coordinates s, t, and u are defined as 21 rrs += , 

21 rrt −= , 12ru =  where 1r and 2r are the distances of the first and second electrons from the 

origin respectively and 12r being their mutual separation. The resulting volume element is then 

found to be dtdudsutsd )(2 222 −= πτ  and the limits of integration are .0 ∞≤≤≤≤ sut

       



The Choice of Wave Function 

The trial wave function crucially determines the accuracy of the variational calculation. The 

trial wave function has been of the Hylleraas type,  
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The Radial Integrals of Variational Wave Functions 

Many different wave functions are proposed for two-electron atoms by many authors. The 

most common type of wave function is variational. The main aim of the variational method is 

to obtain a good approximation of the energy. It is assumed that better approximations can be 

obtained by using wave functions with more parameters. But there is no guarantee that the trial 

wave function is close to the exact wave function. To check the accuracy of these wave 

functions, the radial integrals are calculated for the wave functions. The radial integrals are 

defined as follows: 
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Calculation of Radial Integrals and  Their Comparison 

Hylleraas-type 3-parameter Trial Wave Function 

In Mukoyama’s paper[14], the Hylleraas-type 3-parameter trial wave functions were calculated 

numerically for two-electron systems. Following Hylleraas,a simple 3-parameter function is 

considered:   ).)(
2
1exp( 2

210 tcuccs ++−=φ
              

(6) 

The numerical values of the parameters obtained were expressed as a simple function of the 

atomic number Z. These results were very useful for many fields of applications because of 

their simple form. For this trial function, the parameters are expressed as  
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 Calculation of Radial Integrals of the Trial Wave  Function for Helium Atom 

For the ground state trial wave function, 
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 the radial integrals are calculated as  
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Radial Integrals of the Trial Wave Function for −H  ion 

The values of radial integrals for Mukoyama wave function are  
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Radial Integrals of the Trial Wave Function for +Li  ion 
The values of radial integralsfor Mukoyama wave function are  
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Table (1) GS energy, Dipole polarizability and electron scattering factor for He atom (in au ) 

No. Trial Wave Function Ground state 
(GS) energy 〉〈 2r  〉〈 2

12r  dα  )0(ef  

1. )( 22
210

2
1

00 tkcukcceN
sk

++=
−

ψ  -2.9024 1.1795 2.5057 1.0880 0.7864 

2. Ten-Parameter Wave Function [15] -2.9037 1.1902 2.5077 1.1281 0.7935 

3. Twenty-parameter Wave Function[15] -2.9070 1.1933 2.5161 1.1321 0.7955 

4. Exact [ 16 ] -2.9037 1.1935 2.5164 1.1326 0.7957 

Table (2) GS energy, Dipole polarizability and electron scattering factor for H-  ion (in au ) 

No. Trial Wave Function Ground state 
(GS) energy 〉〈 2r  〉〈 2

12r  dα  )0(ef  

1. )( 22
210

2
1

00 tkcukcceN
sk

++=
−

ψ  -0.5254 9.4767 20.3913 68.1776 6.3178 

2. )( 23
210

2
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−

ψ  -0.5253 9.6538 20.5440 72.5716 6.4359 

3. Six-parameter Wave Function[15] -0.5264 9.6050 20.5410 71.0353 9.4033 

4. Pekeris [ 17] -0.5278 11.9137 25.2020 112.028
5 7.9425 

Table (3) GS energy, Dipole polarizability and electron scattering factor for Li+ ion (in au ) 

No. Trial Wave Function Ground state 
(GS) energy 〉〈 2r  〉〈 2

12r  dα  )0(ef  

1. )( 22
210

2
1

00 tkcukcceN
sk

++=
−

ψ  -7.3651 0.4451 0.9313 0.1602 0.2967 

2. Four-Parameter Wave Function [15] -7.2799 0.4414 0.9419 0.1508 0.2943 

3. Pekeris [ 17 ] -7.2819 0.4463 0.9271 0.1636 0.2975 

Discussion 

In the evaluation of the value of physical observables using the principles of quantum 

mechanics, it is found that they depend on the radial integrals 〉〈 nr .  For  example, the  electric  

dipole polarizability depends on  〉〈 2r and 〉〈 2
12r , and the electron scattering factor on 〉〈 2r . 



Therefore, the radial integrals of trail wave functions for atoms and ions are useful for 

checking the accuracy of the wave functions and for determining the physical quantities of 

atoms and ions such as dipole polarizability, and electron scattering factor.  

The electric dipole polarizability of a two-electron system can be expressed in radial integrals 

as [ ] .4
9
2 22

12
2 〉〈−〉〈= rrdα

 
The theory of electron scattering provides information on electronic 

density distributions in matter. The atomic scattering factor represents the shielding effect of 

the atomic electrons upon the nuclear charge. The atomic electron scattering factor for two-

electron systems is 2

3
2)0( rf e =  in atomic units. This relation shows that the electron 

scattering factor depends on the nucleus-electron radial integral 2r . In Tables (1), (2) and (3), 

the values of ground state energy, dipole polarizability and electron scattering factor for He  

atom,  −H ion and +Li   ion with Mukoyama trial wave function are compared with the other 

results obtained from different variational wave functions and analytical result. It is found that 

the present calculated result fairly agrees with these values.  

References 

 [1]    Egil A. Hylleraas, Z.Phys.,48 (1929) 469. 

 [2]    Egil A. Hylleraas, Z.Phys.,54 (1929) 347. 
 [3]    Egil A. Hylleraas, Z.Phys.,65 (1929) 209. 

 [4]    Egil A. Hylleraas, Rev.Mod.Phys.,Vol.35  No.3 (1963) 421. 

 [5]    Hylleraas E. and Midtdal J., Phys. Rev., 103 (1956) 829. 

 [6]    Perkeris C. L., Phys. Rev., 112 (1958) 1649. 

 [7]    Perkeris C. L., Phys. Rev., 115 (1959) 1216. 

 [8]    Schwartz C., Phys. Rev., 128 (1962) 1146. 

 [9]    A. R. P. Rau, J. Astrophysics. 17 (1996) 113-145. 

[10]   Korobov V. I., Phys. Rev. A, 66 (2002) 024501. 

[11]  www.springerlink.com, DOI: 10.1007/s00283-010-9192-1. 

[12]   I. Hornyak  and A. T. Kruppa, Phys. Rev. A 96 (2017) 052506-1 

[13]  T. Kinoshita, Phys. Rev., 105 (1957) 1490.  

[14]   Mukoyama T.,Bull.Inst.Chem.Res.,Kyoto Univ., 38,1, (1980) 67. 

[15]   Hla Hla, Ph.D. Dissertation, MU, (2009). 

[16]   K. V. Rodriguez and G. Gasaneo, J. Phys. B: At. Mol. Opt. Phys. 38, (2005) L259–L267. 

[17]  D. P. Chong and F. Weinhold, Can. J. Chem. Vol. 51. (1973) 260-264. 

 


	Hylleraas-type 3-parameter Trial Wave Function
	Radial Integrals of the Trial Wave Function for   ion
	Discussion
	In the evaluation of the value of physical observables using the principles of quantum mechanics, it is found that they depend on the radial integrals  .  For  example, the  electric
	dipole polarizability depends on   and , and the electron scattering factor on  .

